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1 Problem 1

Let X = Rd. Given two distributions P and Q with densities p and q, define the Hellinger distance as

H(P,Q) =

√∫
X
(
√
p(x)−

√
q(x))2dx

and the total variation distance as

TV (P,Q) = sup
A⊂X

∫
A

|p(x)− q(x)|dx

where the supremum is taken over all measurable subsets A. Prove the following relations: 1.

∫
X
min(p(x), q(x))dx ≥ 1

2

(∫
X

√
p(x)q(x)dx

)2

=
1

2

(
1− H2(P,Q)

2

)2

.

2.

H2(P,Q)

2
≤ TV (P,Q) ≤ H(P,Q)

√
1− H2(P,Q)

4

3. Show that if P = P′ ⊗ · · · ⊗ P′ and Q = Q′ ⊗ · · · ⊗Q′, both n times, then

H2(P,Q) = 2

(
1−

(
1− H2 (P′,Q′)

2

)n)
4.

H(P,Q) ≤
√
KL(P,Q), and TV (P,Q) ≤

√
KL(P,Q)

1.1

Observe that

p(x)q(x) = min(p(x), q(x))max(p(x), q(x)).

By Cauchy-Schwartz inequality, we know(∫
X

√
min(p(x), q(x))max(p(x), q(x))dx

)2

≤
∫
X
min(p(x), q(x))dx

∫
X
max(p(x), q(x))dx.

Notice ∫
X
(max(p(x), q(x)) + min(p(x), q(x))dx = 2.

1



We have∫
X
min(p(x), q(x))dx

∫
X
max(p(x), q(x))dx =

∫
X
min(p(x), q(x))dx

∫
X
(2−min(p(x), q(x)))dx∫

X min(p(x), q(x))dx
∫
X (2−min(p(x), q(x)))dx

2
=

∫
X
min(p(x), q(x))dx

∫
X

(
1− min(p(x), q(x))

2

)
dx

≤
∫
X
min(p(x), q(x))dx, as

∫
X

(
1− min(p(x), q(x))

2

)
dx ≤ 1.

Thus, we prove the first inequality. For the second equality, by the definition of Hellinger distance, we

have

H2(P,Q)

2
=

∫
X

(√
p(x)−

√
q(x)

)2
dx

2
= 1−

∫
X

√
p(x)q(x)dx

1

2

(∫
X

√
p(x)q(x)dx

)2

=
1

2

(
1− H2(P,Q)

2

)2

.

1.2

We need to first prove an equivalent definition of the total variation distance

TV (P,Q) = sup
A⊂X

∣∣∣∣∫
A

(p(x)− q(x))dx

∣∣∣∣ = 1

2

∫
X
|p(x)− q(x)|dx.

This could be proved as follows, define A0 = {x ∈ X : q(x) ≥ p(x)}:

TV (P,Q) ≥
∣∣∣∣∫

A0

(p(x)− q(x))dx

∣∣∣∣ = ∫
A0

(q(x)− p(x))dx.

Note that: ∫
X
|p(x)− q(x)|dx =

∫
A0

(q(x)− p(x))dx+

∫
Ac

0

(p(x)− q(x))dx∫
X
q(x)dx =

∫
X
p(x)dx ⇒

∫
A0

(q(x)− p(x))dx =

∫
Ac

0

(p(x)− q(x))dx

⇒ TV (P,Q) ≥ 1

2

∫
X
|p(x)− q(x)|dx.

And for any A ⊂ X ,∣∣∣∣∫
A

(p(x)− q(x))dx

∣∣∣∣ =
∣∣∣∣∣
∫
A∩A0

(p(x)− q(x))dx+

∫
A∩Ac

0

(p(x)− q(x))dx

∣∣∣∣∣
≤ max

{∫
A∩A0

(q(x)− p(x))dx,

∫
A∩Ac

0

(p(x)− q(x))dx

}

≤ max

{∫
A0

(q(x)− p(x))dx,

∫
Ac

0

(p(x)− q(x))dx

}
=

1

2

∫
X
|p(x)− q(x)|dx.

Thus,

TV (P,Q) = sup
A⊂X

∣∣∣∣∫
A

(p(x)− q(x))dx

∣∣∣∣ ≤ 1

2

∫
X
|p(x)− q(x)|dx = 1−

∫
X
min(p(x), q(x))dx,

2



and

TV (P,Q) =
1

2

∫
X
|p(x)− q(x)|dx =

1

2

(∫
A0

(q(x)− p(x))dx+

∫
Ac

0

(p(x)− q(x))dx

)
.

We only need to prove

1−
∫
X

√
p(x)q(x)dx ≤ 1

2

∫
X
|p(x)− q(x)|dx = 1−

∫
X
min(p(x), q(x))dx.

This is obvious because √
p(x)q(x) ≤ min(p(x), q(x)).

We move on to the right-hand side inequality, and we know

TV (P,Q) = 1−
∫
X
min(p(x), q(x))dx ≥ 1−

∫
X

√
p(x)q(x)dx =

H2(P,Q)

2
.

We also have proven in 1.1(
1− H2(P,Q)

2

)2

≤
∫
X
min(p(x), q(x))dx

∫
X
(2−min(p(x), q(x)))dx = (1− TV (P,Q))(1 + TV (P,Q))

= 1− TV 2(P,Q)

⇒ TV 2(P,Q) ≤ −H4(P,Q)

4
+H2(P,Q) TV (P,Q) ≤ H(P,Q)

√
1− H2(P,Q)

4
.

1.3

H2(P,Q) =

∫
X×···×X

(√
p(x)−

√
q(x)

)2
dx =

∫
X×···×X

(
p(x) + q(x)− 2

√
p(x)q(x)

)
dx

= 2− 2

∫
X×···×X

√
p(x)q(x)dx = 2− 2

∫
X

√
p′(x1)q′(x1)dx1

∫
X

√
p′(x2)q′(x2)dx2 · · ·

∫
X

√
p′(xn)q′(xn)dxn

= 2− 2

(∫
X

√
p′(x)q′(x)dx

)n

,(
1− H2(P′,Q′)

2

)
=

∫
X

√
p(x)′q(x)′dx,

⇒ H2(P,Q) = 2

(
1−

(
1− H2(P′,Q′)

2

)n)
.

1.4

KL(P,Q) =

∫
X
log

(
p(x)

q(x)

)
p(x)dx = 2

∫
X
log

(√
p(x)√
q(x)

)
p(x)dx

= −2

∫
X
log

(√
q(x)−

√
p(x) +

√
p(x)√

p(x)

)
p(x)dx

≥ −2

∫
X

√
q(x)−

√
p(x)√

p(x)
p(x)dx = −2

(∫
X

√
p(x)q(x)dx− 1

)
= H2(P,Q).

In 1.2, we have shown TV (P,Q) could be bounded by Hellinger distance,then

TV (P,Q) ≤ H(P,Q)

√
1− H2(P,Q

4
≤ H2(P,Q) ≤ KL(P,Q).

3



Then we could prove

H(P,Q) ≤
√

KL(P,Q), TV (P,Q) ≤
√

KL(P,Q).
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