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1 Problem 1

Let X = R?%. Given two distributions P and Q with densities p and ¢, define the Hellinger distance as

H(P,Q) = \//X(\/p(fv) - Va(x))?dx

and the total variation distance as

TV(.Q) = s /A Ip(e) — a(a)|dz

where the supremum is taken over all measurable subsets A. Prove the following relations: 1.

[ mintoto).atenas = 5 ([ dex) 5 (1- 1”5@)

Q) Q(S’ QD < rve.Q) < HE,Q)/1- L(f’ 9

3. Show that f P=P' ®---®@P and Q = Q' ® --- ® Q', both n times, then

H?*(P,Q) =2 (1 — (1 — W)n>

H(P,Q) < /KL(P,Q), and TV(P,Q)<+/KL(P,Q)

1.1

Observe that
p(x)q(z) = min(p(x), ¢(z)) max(p(z), ¢()).

By Cauchy-Schwartz inequality, we know

(/X \/min(p(fC%Q(w))maX(p(ﬂ?%q(x))dx)QS/Xmin(p(w),q(x))dx/XmaX(p(ﬂ?%q(x))d%

Notice
/X (max(p(z), () + min(p(z), g(z))dz = 2.



We have

/ min(p dx/ max(p ))dz = / min(p / (2 — min(p(z), ¢(x)))dx
X
[ min(p(z), ¢(x))dz [, (2 — min(p / min(p / (1 B min(p(x),q(x))) de
2 v 2
/mln ))dz, as/ (1_mm(p(x),q(:r))>dx<1.
x 2
Thus, we prove the first inequality. For the second equality, by the definition of Hellinger distance, we
have
H2(P,Q) Jx (\/p(w) - q(x))de
AL . —1- [ Vil
X
1 2 m2(P,Q)\°
3 ([ Vi) = (1- 52
X
1.2

We need to first prove an equivalent definition of the total variation distance

/A (p(z) — = % /X Ip(z) — q(z)|dz.

This could be proved as follows, define Ay = {z € X : ¢(x) > p(z)}:

V(P,Q) > ’/Ao ))dx

TV (P,Q) = sup,

~ [ (a@) - plo)aa.
Ao
Note that:

/X Ip(e) — () |de = /A (a(a) = pla)ar + /A (p(z) — q(2))dz

c
0

| ate)ia = [ pajae = [ (a(@) = pla))az = /A )~ (o)

=TV(P,Q) > /|p —q(x)|dz.

And for any A C X,

/ (0(z) - q(@))de
A

| @ -a@yist [ o) - ae)ds
ANAo ANAG

< max { / lal) = plaa, / BRUCE q(x))dx}

smax{Ao<q<x>—p(x»dx,/m@( ~dfa }z [ ) = g,

0

Thus,

TV(P,Q) = sup
ACX

1 .
[ 0@ —atiz| < 5 [ 1pta) ~ata)ide =1~ [ min(pla).gta))a




and

Ve g [ |p<x>—q<x>|dx=§< /. @ =ptanas+ | <p<x>—q<x>>dx>.

We only need to prove

1 .
1= [ Vela@is < 5 [ @)~ a@lde = 1= [ min(p(o). o(o)d

This is obvious because

p(z)q(x) < min(p(z), ¢(x)).

We move on to the right-hand side inequality, and we know

IP’Q—I—/mm x>1—/\/ dx—ﬂ
We also have proven in 1.1
(1-2 ) < [ min(p(e).a(a)ds [ (2= minola).a))ds = (1 - TV RQ)(1+TV(E.Q)
=1- TVQ(IP Q)
= TV?*(P,Q) < *HZP’ @ + H*(P,Q) TV(P,Q) < H(P,Q)y/1 — HQ(E’ Q).

1.3

Peo - [ (Vi - Va) dx= [ (060 + a0 - 2vpiK)aR) dx

XX

—2- 2 Vr))dx =2 - 2 / V@) @) / VI @) q @)day - / P @) @),
XX XX X X X

:2—2(/ mdx)n,
(1 HQP") /\/—dx

= H*(P,Q) =2 (1— (1— (E;/ QI)) )

1.4

KL(P,Q) = (?) =2 Xlog( ) z)dx

2/Xlog<\/q ; \/(a:)> p(z)dx
> 2 X\/ch) N dx——2(/ \/7dx—1> H*(P,Q).

In 1.2, we have shown TV (P, Q) could be bounded by Hellinger distance,then

H?2(P,Q
4

TV(P,Q) < H(P,Q)4/1 — < H*(P,Q) < KL(P,Q).



Then we could prove

H(P,Q) < VKL(P,Q), TV(P,Q) < vKL(P,Q).
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