
CaU) denote the space of infinitely diffble functions O: U+IR
,

with opt support in U.

weak derivative

We call DECIU) a test function .
Intuition: From by part Spuxidx = -Synxidx

I &
always make sense

what if not diffble
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Some references Brezis Functional Analysis
I've read Evans PDE

Hormander The analysis of linear PDE vol 1
.

ne CV)*, we often use duding pairing (u .
0:= ulp)

E.
g
. . Any signed Borel measure in defined a distribution by <M .D = Seduixi

E.g. 2
.

U: U+ IR is locally integrable if it's moble and obs- integrable on

every opt subset KEU w .r
.
t

.

the Lebegue measure Suffices.

Loc(2) is the space. = <u .x) = Subdy



Among all the OT books
,

2tht does not directly mean taking the derivative of measure ,

but in the sense of distributions !
Villami's Chp 8 is the easiest

,

he assumes M+ is the density of a

-> Given UEDU) , Laju , b>:= - < udjD> VECU) (by part measure when giving intuition.

But everything should be in

perhaps & Jird (G+M+ + M. ( M+) Y(x,+ )dxd+ = 0
< D. SVMl , O = - < VM+, XD> (that's why I understand nothing weak sense in FA/PDE

identifyit 2 week's ago)
using

Riest's

So Sird M+ x(x,
+ )dxc+ + J. S

,rdX. (v+m+ (x(x,
+)dxd+ = 0

-So"Sire 2+ 4(x , +)dmmx)d+ - JTS,zd(V+(x) , Xxb(x .
+)dm(x)d+ =0 & uV. nd+= JrX . (iv) den = Sgux. Valen + SzDu . Vale. Divergence The

5.Jizd (+ 4 (x,+)dM+(x(d+ + J. Sird(txY(x ,H ,
k(xi)dh(xd+ = 0

&
x( , x) = v(t ,

X(t ,
x)

M+ = (X()Mo

Sixd2+ M+ (x)y(x)dx = S
,rdM+ (x)y(x)dx = Sizd4(x(,x))Mo(x)dx

in the representation of Prop .
8.

1 . 8

If we think about X(0 , x) = X

= (rXY(x1 . V (x(M+(x(dx = - Sab(x)div(v+M+ )dx
.

Y
Why continuity eft holds

= Sird - x(xit
,x)) . X (+,x) Mosx(dx = SgDy(X(t,

x)) - v+ (X(t,x))mo(x)dx



Banach's fixed pt thm
.

Daf
*

(Contraction) Let (.d) be a complete metric space
. T: X-X is called a contraction if ocO,

diTx .Ty) < Oxy) Exyel
Any contraction T

must possess a unique fixed point in X .
(Tx*

= x
*)

Proof : 1 Uniqueness Tx = X d(x-y)
= d(TX , Ty)

Ty=] =od(xyl = d(xxy) =0

2) Existence take
any

xoEX .
Xn+= Ten uxo

We show that (x1) is a Candy sequence
: n>m > Nallxnixm) < d(xn , Xn-1) +.. + d(xm+,Xm)

d (xn ,
xn-1) = d) Txn-1 ,

Txurn] = (an" +... + &My d(x1 , Xo)
·

[0d(xn++ , Xn-2)
- Proof : (Apply the "Spirit" of fixed ptthm)

= On"d(X1 . Xo] x(t) = xo + j f(s . xis1)ds Xi

X It suffices for us to
prove existence and uniqueness

in CCCto-B ,
to+p))

M

Picard's thm for ODE : &x() = f(t , x(t))
.
(to,Xol

Given xEX (Tx)(+) = xo + Go fis , xiids
X(to) = Xo St

1) Tmaps X to X (x(5) is as => fis . Xis1) is ats]

Assume J is Lipschitz in the rectangle R = GH-toka , Ix-xolb
2) T is a contraction : take any xit) . gitleX

(f(. ) -f(t .x)) <kI *-XI VExeR .

Kso
.

1(TX)(t) - (iykH)) = 11.xSD-fis ,yes1/ds)-
that if +to

ifll M [Sk(xsi-y(s)/ds/
For some BCO ,

the ODECM) has a unique
I'set XIH for I-tolB .

=> klt-tol max (x(s)-y(s)/IS-tol ?B

11Tx-Tylx [KB1Ix-ylIx need to take kB1 .


